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-

-

northernmost and the southernmost coordinates on 

-
-
-
-
-

which were obtained by setting initial conditions. On 

Croatia including its territorial sea and continental 

-
tion, standard parallel, distortions, Croatia

1. Introduction

The basic principles of conic conformal map projection 
were set by Johann Heinrich Lambert in 1772. According 

-
. In the third part of 

his 
Anwendung (Contributions to the Usage of Mathemat

 
(Remarks and Additions to the Establishment of Land 

considered the originator of the general map projection 
theory. His predecessors only researched individual pro

a surface into a plane from a more general viewpoint and 
mathematically expressed certain general conditions which 
have to be met by mapping. The most important of those 

rmality 
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-

-

-
-
-
-
-

-

-

Izvorni znanstveni rad

1. Uvod

Osnovne principe konformnih konusnih projekcija po

po njemu te projekcije nazivaju 

pod nazivom 
 (Napomene i dopune za
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The importance of Lambert conic conformal map pro
jection for Croatia is visible in Decree on Establishing 

-

ernment of the Republic of Croatia determined the coor
dinate system of normal Lambert conformal conic pro

as coordinate system of the Republic of Croatia for small 

universality of its usage are main reasons of its sugges

atia is based on the ellipsoid GRS80. According to the 
norm ISO 1911 for this projection system was decided 
an abbreviation HTRS96/LCC (URL1).

In normal conical projections meridians are mapped 
as straight lines that intersect at angels proportional to 
differences of their longitudes. Parallels are mapped as 
arcs of the concentric circles centred at the intersection 
of the meridians. To show the interested area in the plane 

coordinates in the plane. Polar angle  and polar radius 
 are used as the plane coordinates in the conical pro

jection (Fig. 1).

The general equations of normal conical projection 

where 0 
is longitude of the central meridian of the projected area.

Shape of the function  depends on whether it is con

Connection between polar and rectangular coordi
nates is given as:

where  is a radius of the parallel with the least latitude 
of the projected area (Fig. 1). The x
gular coordinate system coincides with the polar coordi
nate axis. The origin is the intersection of the southern
most parallel and central meridian in the plane of pro
jection (Fig. 1).

The formulae for a linear scale factor along the merid

2004). The scale factor along the meridian is: 

 

while the scale factor along the parallel is: . 

In the previous formulae E and  are Gauss fundamen
 is the radius of curva

 is the radius of curvature 
r is the radius of the 

parallel which is calculated using an expression:

r = 

Required partial derivations are:

thus

from which we determine .

 
conical projections
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Iako Lambert nije u cijelosti razvio teoriju takvih presli

za Hrvatsku vidljiva je iz 
-

. U njoj je Vlada Republike Hrvat
ske 4. kolovoza 2004. propisala da koordinatni sustav 

jekcijski koordinatni sustav Republike Hrvatske za po

oblika i univerzalnost njezine uporabe glavni su razlo

jekcija za Hrvatsku temelji na elipsoidu GRS80. Suklad

je oznaka HTRS96/LCC (URL 1).

U uspravnim konusnim projekcijama meridijani se 
preslikavaju kao pravci koji se sijeku pod kutovima pro

ri i koordinata u ravnini. Za polarne koordinate u ravnini 
uzima se kod konusnih projekcija polarni kut  i polarni 

 
nusnih projekcija u polarnim koordinatama:

gdje je 
0

ja preslikavanja.

Oblik funkcije  dobiva se ovisno o postavljenim uvje

lentnosti ili ekvidistantnosti.

 

 

gdje je polumjer paralele s najmanjom geodetskom ši

x pravokutnoga koordinatnog sustava podudara se s osi 

ralele i srednjega meridijana u projekciji (slika 1).

Formule za linearno mjerilo u smjeru meridijana i u 

a mjerilo u smjeru paralele: . 

U prethodnim formulama E i  su Gaussove funda
 je polumjer 

 je polumjer zakriv
ljenosti presjeka po prvom vertikalu dok je r polumjer pa

r = 

Potrebne parcijalne derivacije jesu:

pa je

Iz uvjeta konformnosti slijedi

.

r  i 

odakle nakon integriranja dobivamo

gdje je K  funkcija širine odre
=esin

se napisati u jednostavnijem zapisu



28

The Best Conic Conformal Map Projection for the Territory of Croatia

If expressions for r  and  are put into the previ

.

where K  is the function 
of latitude determined with the expression sin =esin . 

where

p  
is the maximum angle deformation. The formulae con

 and K
cording to various conditions.

Lambert conformal conic projection with two standard 

1:500 000 or smaller) was selected on the basis of de
formation distribution of the continental part of Croatia. 
If the maritime area of Croatia (territorial sea and conti

best Lambert conic conformal map projection for the ter
ritory of Croatia?

Considering each map projection is “the best” in a 

those without angle distortions and with area scale equal 

pleased with a projection whose greatest linear distor

is going to be almost optimal.

2. Previous Calculations

area. State Borders Department of the State Geodet

easternmost and westernmost coordinates of the Croa
tian continental territory. The coordinates of the south
ernmost point on Croatian state border (what is also a 
border of the territorial sea) and continental shelf (what 

ly) were also given (DGU 2008).

28/1970; Rudolf 1976). The question is: Is this the south
ernmost point of Croatian sea? In the article 6 of Proto-

-
-

“Article 6.
A temporary boundary of territorial sea begins at the 
point which is located 3 cables away from Cape Oštro 
on the line Cape Oštro – Cape Veslo and continues on 

to the open sea.” 

The topographic map at the scale 1:25 000 and the 
chart at the scale 1:100 000 in the supplement of the Pro
tocol are not available to public. We would like to point 

ducted research described in this paper have a purely 
theoretical meaning.

Several issues come up after reading article no. 6. 
What is a straight line? Which projection is the cited text 
referring to? How does the “straight line” continue in the 
continental shelf?
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Prema tome formule uspravnih konformnih konusnih 

U prethodnim formulama s p

Lambertova konformna konusna projekcija s dvije 

ne topografske karte u mjerilu 1:500 000 i sitnijim mjeri

macija samo za kopneni dio Hrvatske. Postavlja se pri
rodno pitanje koja bi bila "najbolja" Lambertova konfor

i epikontinentalni pojas)?

va i kod kojih je mjerilo površina jednako kvadratu line

biveni rezultat gotovo optimalan.

skoj upravi (DGU) ustupio nam je podatke o najsjeverni

-
-

Topografska karta u mjerilu 1:25 000 i pomorska kar
ta u mjerilu 1:100 000 koje se nalaze u prilogu Protoko

pominjemo da Protokol do danas (prosinac 2010.) nije 

stavlja nekoliko pitanja. Što se misli pod ravnom crtom? 

na crta” nastavlja u epikontinentalnome pojasu?

drazumijeva geodetska linija koja strogo gledano nije ni 

-
-
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projection and on the GRS80 ellipsoid for control.

According to the article 6 of 

two Countries necessary calculations were performed 

(555.60 meters) away from Cape Oštro on the line Cape 

of the Cape Oštro and Cape Veslo were taken from the 
article 5 of above mentioned Protocol. 

given in the article 5 of 

 

 

-
tries

“Protocol of temporary regime on Prevlaka in the 
Article 5 gives the technical information which makes 
confusion while drawing points in the map. Given point 

bles (498 meters). Its exact coordinates have to be the 

Point T2 is located 3 cables (555.6 meters) on the line 

According to the coordinates of points 42 and 43 of 
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-
-

va 

  

-
 

U poglavljima koja slijede dane su teorijske postavke 

ju 1. poglavlja) Lambertova konformna konusna projek

kontinentalnog pojasa (morski pojas koji se nadovezuje 
na teritorijalno more).

Protocol 
Between the Government of the Republic of Croatia 
and the Federal Government of the Federal Republic 
of Yugoslavia About Temporary Regime for the South 

Boundary Between the two Countries

Vlade Republike Hrvatske i Savezne Vlade Savezne 

diti konstante projekcije  i K
 i K

2006). Postavke pojedinih varijanti preuzete su iz litera
 i K pri

0 
0 jednako jedinici i istodob

no najmanje.

 
 

 

2 (najsjevernija)

3 (najzapadnija)
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-
tries
ed the southernmost point of continental shelf (point C 

Complete procedure of calculating coordinates of point 
T and the southernmost point on the Croatian sea can 

In following sections the theoretical thesis of several 
variants of conformal conic projection are given. Param
eters of projections are determined in eight ways. At the 
end of this paper the best (in the sense explained at the 
end of the 1st chapter) Lambert conformal conic projec
tion for Croatia with included Croatian sea up to the con
tinental shelf is suggested.

3. Theoretical Basis

For applying formulae of conformal conic projections 
we have to propose or on some other way determine con
stants K and . Below are shown eight ways of calculat
ing constants K and  by using parameters of the ellip

ine et al 2006). Settings of each variant were taken from 
(Lapaine et al 2000) and the expressions for parameters 
 and K

0 on the parallel with given latitude 0 
1 and is the least at the same time.

The constant 
of the function:

.

Point

1 (easternmost)

2 (northernmost)

3 (westernmost)

4 (southernmost)

northernmost, easternmost and westernmost  
 

when maritime area is included



33

Najbolja konformna konusna projekcija za Hrvatsku

.

Izraz 0  zadovoljava uvjet da je mjerilo n za tu 
vrijednost 0  najmanje. Da bi se odredila kon
stanta K
ne paralele jednako 1. Dobije se:

.

formnu konusnu projekciju elipsoida s jednom standar
dnom paralelom. Takve se projekcije primjenjuju za po

mejeva i dr. 1986).

, nS

0

Iz uvjeta da su mjerila na krajevima teritorija jedna
ka (n =nS) slijedi:

.

0 0
je da je mjerilo n 0 najmanje. 

0  jednako jedinici (n0=1) dobiva se:

.

Slijede varijante konformnih konusnih projekcija s dvije 
standardne paralele.

(n1, n2 1, 2

Iz uvjeta da su mjerila na dvije zadane paralele jed
naka (n1=n2

 .

K 
je zadane paralele budu jednaka jedinici (n1 n2=1):

.

0
iz izraza  0.

1 2

 

gdje je:

N S.

C
C 

C
C = 5. Prema Bugajevskom i Snyderu 

C = 
C = 7.

-
 S) budu  jedna-

3) bude 

Iz uvjeta da mjerila na dvije krajnje paralele budu jed
naka (nS=n ) slijedi izraz za konstantu k:

 .

jednako jedinici (n3

 .

-
-

nje mjerilo manje od jedinice.

jednaka (nS=n ) slijedi:

 .

Širinu paralele s najmanjim mjerilom preslikavanja 
dobijemo prema formuli:

0.

K

rilo manje od jedinice:



34

The Best Conic Conformal Map Projection for the Territory of Croatia

An expression 0 accomplishes the condition 
that the scale factor n 0. For com
puting constant K the condition that the scale factor is 

pression for constant K is:

.

Mentioned equations are referred to the normal con
formal conic projection of the ellipsoid with one stan
dard parallel. These kinds of projections are used for an 

(Vahrameeva et al 1986).

(n  nS)
-

tude 0 1. 

Using condition that the scale factors on the edges 
of the territory are the same (n  = nS

.

Condition 0 0 and that the 
scale factor n 0 is the least. 
From condition that the scale factor along parallel with 

0 is equal to 1 follows an expression:

.

Conformal conic projection with 2 standard parallels 

conic projections with 2 standard parallels are described.

(n1, n2) on two given parallels 1 2) 
1.

If the scale factors on two given parallels (n1 = n2) are 
 is:

.

If the scale factors on two given parallels (n1=1, n =1) 
K is:

.

Geodetic latitude with the least scale factor is calcu
lated using an expression 0.

1 and 2 in following way:

where:

S.

Value of parameter C
of boundary line. If the shape of area looks like a rhom

C is equal to 3. If the shape of area is 
C C 

Deetz and Adams (1934) offered value 6 for C in gener

S)
3) is equal to 1.

If the scale factors on two edges parallels are the 
same (nS = n  is:

.

If the scale factor along third given parallel is equal 
to 1 (n3 = K is:

.

1 as much as 
1.

If the scale factors along two edge parallels are the 
same (nS = n  is:

.

Latitude of the parallel with the least scale factor is 
calculated according to formula:

0.

An expression for constant K follows from second con
dition: the largest scale factor is greater than 1 as much 
as the least scale factor is lesser than 1.

.

Latitudes of standard parallels with scale factors 1 
are determined from transcendental equation:

which can be solved by using appropriate iterative pro
cedure.
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 .

Širine standardnih paralela na kojima je mjerilo jed

; .

linearna mjerila nS i n -

m na 
-

; 

.

ma Airyju (1861) je:

.

Za konformne projekcije je a=b=m=n

.

Formula Jordana iz 1896. je

.

Za konformne projekcije je c=a=b=m=n c ne ovisi o 

.

 .

Srednja kvadratna deformacija duljina na nekom po

.

Postavimo zahtjev da bude nS = n  
krajevima teritorija ista. To vodi do izraza za konstantu :

.

K

 bude minimalna. Dobiva se:

.

Diferencijal površine  na rotacijskom elipsoidu:

.

dvama meridijanima i dvjema paralelama. Ako se primjene 
W E dobiva se:

odnosno

.

K za koji je E2=min. Derivacija prethod
ne funkcije je:
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the linear distortions on edge parallels and on the parallel 

.

linear distortions nS and n
1 is the 

1 m 

; 

.

Several authors dealt with selecting parameters  
and K according to variants 1–7. Noted authors include 

According to Airy (1861) an arithmetic mean of dis
tortions in a point is:

.

For conformal projection is a = b = m = n

.

Formula of Jordan from 1896 is:

.

For conformal projections is c = a = b = m = n c does 

.

This means that .

It follows that the mean square linear distortion in en
tire domain  is:

.

Since the derivation of formulae for this variant has 

here in its completeness. Required expressions for con
formal conic projections were given in the introductory 
part of the paper.

If the scale factors on the edges of the territory are the 
same (nS = n is:

.

Second condition determines constant K
mands the mean square linear distortion in entire domain 
G to be minimal. This gives:

.

Differential area dG on the rotational ellipsoid is:

.

Let us assume the integration area is bound by two 
meridians and two parallels. Using two above expres

E it follows:

respectively

.

We have to search for K with E2=min. The derivation of 
above function gives:
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Odatle se dobije:

.

4. Rasprava

Za svaku od osam varijanti opisanih u prethodnom po

obzirom na postavljene uvjete. Posljedica toga je da se 

nih i površinskih deformacija.

Prikaz Zemljine plohe u ravnini u bilo kojoj projekciji 

la 2004). U uspravnim konformnim konusnim projekcija

p = m2 jer su mjerila 

za izbor najbolje konformne konusne projekcije dovolj
no promatrati deformacije duljina. U ovome radu defor

d = 100(m

je tablica rasporeda linearnih deformacija za promatra

U varijanti 1 uzete su 3 podvarijante odnosno paralele 

ju promatranja. Ako je širina paralele na kojoj je mjerilo 

predznacima s obzirom na odabranu paralelu (slika 7).

Do sada se javljala samo po jedna standardna pa

dardne paralele.

1 2

b) C=3
c) C=4
d) C=5
e) C=6

=7

krivulja linarnih deformacija pomaknuta je sasvim na lije

danu konstantu C = 3 krivulja je pomaknuta više u desno 
tako da samo mali dio linearnih deformacija poprima ne

konstantu C
za C C 

0 C = 6 
C

C = 6 i C = 7 dok 
se od C C C = 5 odustalo jer je njihova raspo
djela deformacija bila lošija od deformacija projekcija za 
C = 6 i C = 7. Za C

C = 7 de

za daljnje razmatranje iz varijante 3 najpovoljnija konfor
C = 7 kojoj 

1 2

U varijanti 4 je uvjet da neka proizvoljno zadana pa

ji neki poseban razlog zbog kojeg bi se nekoj širini dalo 
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Continues:

.

4. Discussion

For each of eight variants described in the previous 
chapter constants K and 

to given conditions. The consequences of those condi

their linear and area distortions.

Earth presentation in the plane is distorted regardless 

torted in the projection. Amount of distortion is one of the 
essential indicators of the cartographic projections val

jection there are not any angular distortions. Area dis
p = m2 because 

the scale factors along the meridians and parallels are 

tion it is enough to look at linear distortions. In this pa

ing to the expression

d = 100(m–1)

i.e. they are going to be expressed as percentages.

Each conformal conic projection has its table with 
values of linear distortions for the interested area and 
graph of these distortions. The interested area of Croa
tia includes maritime zone (with territorial sea and conti
nental shelf) and spreads from the southernmost paral

On following graphic charts distortion distributions 

sented.

to that the scale factor on the parallels is the least and 

ear distortions for interested area. If the case is based 

symmetry between positive and negative signs regard
ing to selected parallel (Fig. 7).

It is the same conclusion for variant 2 as it was for 

Until now there was only one standard parallels in 

parallels.

1 2

b) C=3

c) C=4

d) C=5

e) C=6

=7

ues with only negative signs and the minimum value is 
C

more to the right so that only a few linear distortions have 

constant C
C C = 5 vertex is in 

0  C = 6 
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conic projection with standard  

 

 

S

S
 

(given constant C = 7)
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lo se od te varijante.

= 
K

jenja se ovisno o varijanti. Za svaku varijantu dobije se 
K  

Za varijantu 5 K

Na slici 14 prikazan je raspored linearnih deformacija za 

stim okom ne mogu zamijetiti.

integrala u izrazu za konstantu K moralo se pristupiti nu

te K

. Dobiveno 

U raspravi o raspodjeli deformacija ostalo je neko

balo odabrati najbolju. To su projekcija s konstantom C 

2 dana je usporedba njihovih maksimalnih deformacija.

najbolja uspravna Lambertova konformna konusna pro

ja te projekcije prikazani su na slici 16.

 iz 2004. go
dine Lambertova konformna konusna projekcija sa stan

projekcijski koordinatni sustav Republike Hrvatske za 

0

0

Varijanta 3 (C 0

0 

m=n d=100(m–1) m=n d=100(m–1)

0,00 0,00

1,000000 0,00 0,00
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C
C = 6 and C = 

C C = 4 and C = 5 were 
rejected because their distortions were worse then dis

C = 6 and C = 7. Linear distor
tion for C

C = 7 are in range be

conic projection from variant 3 is C
1 2

In variant 4 the condition is that arbitrarily given par
allel is standard parallel. This variant is discarded be
cause there is no special reason to give precedence to 
any latitude.

constant K
iant has different K

K for variant 

for variant 7 is 11 944 657.1023. In Fig. 14 linear distor

es in amount and distribution of distortions between these 
three variants are so small which they can not be seen.

because determination of constant K can not be done by 
 

was used. Formula for constant K was written according 
to its rules and computing of geodetic latitudes was per
formed on two independent ways. First way was: look
ing for zero points of nonlinear function and the second 

inside . At the end we got something what 
we expected; standard parallels which were computed 
on two different independent ways coincided.

In variant 8 range of distortions is from +0.07 (lati

this variant did not enter in narrower selection (Fig. 15).

There remained a few conformal conic projections 
among which the best one has to be found. Those vari
ants were projection with constant C = 7 in variant 3 and 

distortions is given in table 2.

bution and magnitude of linear distortions of the projec
tion are shown in Fig. 16.

5. Conclusion

Decree on Es-

in 2004. Sugges
tion of this projection was based on research which only 

ested area was extended to the sea part of Croatia which 
consists of the territorial sea and the continental shelf.

conformal conic projection. For territory of Croatia with 
sea part and with the southernmost latitude of the par

0= 

also be expressed as 5 dm/km.

Optimal conformal projections for the area of Croatia 

conic projection. He included the continental and mari

in this paper. His research demonstrated that the great

paper. If both values are rounded to two decimal plac

linear distortion.

We would like to thank the reviewers for their help
ful comments. We would also like to thank the Minis

duced within the project 
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preslikavanja kopneni dio Hrvatske. U ovome radu po

teritorijalno more i epikontinentalni pojas. 

Izbor najbolje Lambertove konformne konusne pro

0= 

ti npr. i kao 5 dm/km.

te dvije vrijednosti se ne razlikuju. To je dakle jedna ne
ovisna potvrda tvrdnje da je rezultat dobiven u ovome 

arne deformacije.

Zahvala

Autori zahvaljuju recenzentima na vrlo korisnim pri
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