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We study the asymptotic behavior as e — 0 of the Ginzburg-Landau functional I (v) =
fol (€20"2(s) + W(v'(s)) + A(s,v,v")v?(s))ds, where A(s,v,v') is the nonlinear lower-
order term generated by certain Carathéodory function a : (0, 1)2 x R? — R. We obtain
[-convergence for the rescaled functionals I as ¢ — 0 by using the notion of Young
measures on micropatterns, which was introduced in 2001 by Alberti and Miiller. We
prove that for e ~ 0 the minimal value of I is close to Eo f01 Aéé3(s)ds - £2/3 where
Aco(s) = %A(s, 0,—1)+ %A(s, 0,1) and where Eg depends only on W. Further, we use
this example to establish some general conclusions related to the approach of Alberti
and Miiller.

Keywords: Asymptotic analysis; Young measures; Ginzburg-Landau functional; gamma
convergence.

Mathematics Subject Classification 2010: 34E15, 49J45

1. Introduction

We consider the Ginzburg-Landau functional

1
I5(v) = /o (202 (s) + W(V'(5)) + A(s,v,v")v?(s))ds, (1.1)

where v € H2_,(0,1), W is the 2-well potential (a nonnegative continuous function
such that W(¢) = 0 if and only if ¢ € {-1,1}), and A is given by A(s,v,v’) :=
fol a(s,o,v(0),v'(0))do, where a : (0,1)2 x R? = R, a = a(s,0,€), s € R, 0 € R,
&€ € R?, is 1-periodic in s and 0. We deal with the problem of calculation of the
rescaled asymptotic energies €4 per := lim. min{e=2/315(v) : v € H2..(0,1)} and

Ea = lim. min{e=%/315(v) : v € H2(0,1)}. We also describe geometric behavior of
minimizers for I§ as € — 0. Functional (1.1) can be regarded as a nonlinear variant
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of the functional

1
15, () =/O (20" (s) + W (' (5)) + ao(s)v*(s))ds (1.2)

considered in [1]. A similar functional in dimension N > 1,
Jeo(u) = / (E2IVu(s)|? + W (u(s)) + ol(=2)"2(u(s) —m)[*)ds,  (1.3)
Q

was introduced by Ohta and Kawasaki in [14] in order to model microphase separa-
tion of diblock copolymer melts (cf. [4-7, 18]). As discussed in [18], v : Q@ — R rep-
resents the mass density parameter describing the system of two different covalently
joined monomers which make a linear chain — the copolymer molecule (whereby
u(s) = 1 (respectively, u(s) = —1) corresponds to the concentration of the first
(respectively, the second) monomer at a point s in a bounded open set Q2 C RY).
The parameters € and o are related to the physical properties of the melt (see [7]
for details): ¢ is proportional to the thickness of the transition regions between
the two monomers, while ¢ is inversely proportional to the square of the number
of monomers per molecule. The phenomenon of interest here is the formation of
regular patterns (for instance, lamellars or circular tubes) which develop as a result
of microphase separation when € =~ 0 and 0 < ¢ < ¢ < 1. It is easy to see that,
in dimension N = 1, (1.3) becomes (1.2), provided Q = (0,1), u = v/, 0 = ap and
m = 0 (a simplified version of (1.2) was independently introduced by Miiller in [12]
in the context of coherent solid—solid phase transitions, where it is assumed that
ap is constant). Thus, as ¢ — 0, (1.2) accounts for the energy stored by a one-
dimensional physical system occupying the interval (0,1). On the other hand, (1.2)
is a typical example of a functional where competition of nonconvexity (which favors
oscillations in minimizing sequences) and regularization of higher order occurs. To
study the asymptotic behavior of (1.1) as ¢ — 0, we apply the method of relax-
ation over the space of Young measures on micropatterns introduced by Alberti
and Miiller in [1]. The analysis in [1] shows that, under assumption ao € L*(0, 1),
ap(s) > ag > 0 for a.e. s € (0,1), the minimizers v, of (1.2) for sufficiently small &

resemble a particular sawtooth function, and satisfy I, (ve) ~ Ey fol ay/?(s)dse?/3,

where Ej := C§/3A3/37 Co:=3/4, Ay :=2 f_ll VW ({)dC¢. For results involving dif-
ferent types of lower-order terms see [15-17].

The purpose of the present paper is two-fold. Our first goal is to show that
the program in [1] can be successfully applied to the functional I§ with nonlinear
lower-order term A under assumption of continuity of a (cf. Sec. 4). Our second goal
is to obtain some further deductions based on the study of the functional /5, which
are of wider interest within the framework of Alberti and Miiller (cf. Sec. 6). More
precisely, while the approach in [1] relies on the notion of f-uniform approximability
(cf. Definition 3.4), in this paper we work with a weaker property (namely, partial
f-uniform approximability; cf. Definition 6.3), and we establish its connection to the
integral representation of the I'-limit of (¢72/31%) (cf. Theorem 6.9). We find that in
some cases it is possible to complete all points of the analysis in [1], whereby partial
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f-uniform approximability is recovered (cf. Corollary 6.10 and subsequent remarks),
but f-uniform approximability is not used as such. In many places throughout the
paper we refer to various results in [1].

2. Some Preliminaries

In this paper measurability always means Borel measurability. We consider a com-
pact metric space (K, d) (the space of patterns), which is the set of all measurable
mappings = : R — [—00, +00] (modulo equivalence A-almost everywhere, where A
is one-dimensional Lebesgue measure), endowed with the metric d defined by

2 2
d(zy,x —arctanz; — — arctanxzy | d\|,
1) z o | (B anctanas = 2 artany )

k=
where (y) is a sequence of bounded functions which are dense in L!(R), such that
the support of y, is a subset of (—k, k), with oy = ||yl + |ykl/p- As shown
in [1, p. 806], Li. .(R) continuously imbeds in K for every p € [1,+oc]. The Banach
space C(K) (respectively, Co(R")) is the space of all continuous real functions on
K (respectively, the space of all continuous real functions on R” which vanish at
infinity), whose dual is identified with the space of all real Radon measures on K
(respectively, all real bounded Radon measures on R"), denoted by M(K) (respec-
tively, My(R")), endowed with the corresponding weak-star topology. Weak-star
topology on M(K) is induced by the norm ¢ defined in [1, p. 799]. By P(K) (respec-
tively, P(R")) we denote the set of all probability measures in M(K) (respectively,
Mp(R")). If p € M(K) (respectively, My(R")), by ||| we denote total varia-
tion of p. If @ C R is a measurable set such that A\(2) < o0, by L2, (€ M(K))
(respectively, L2, (€2; M,(R"))) we denote the dual of L}(Q; C(K)) (respectively,
LY(Q;Co(R™))). The set of all K-valued Young measures (Young measures on
micropatterns), denoted by YM(Q; K), is the set of all v € L2%,(Q; M(K)) such
that v, € P(K) for almost every s € €2, where v(s) := vs, s € Q. We always endow
it with the weak-star topology of L%, (£2; M(K)). The basic result about Young
measures, known as the fundamental theorem of Young measures, can be found
n [2]. The weak-star topology on bounded sets in LS, (2; M(K)) is induced by the
norm ¢ defined in [1, p. 769], and therefore YM(§; K) is metrized by ®. The ele-
mentary Young measure associated to a measurable map u : Q@ — K (respectively,
u:Q — R") is the map d,, : @ — M(K) (respectively, 9, : @ — M(R")) given by
0,(8) 1= 6y(s), s € Q. We say that a sequence of measurable maps uf : Q — K gen-
erates the Young measure v, if the sequence of elementary Young measures (d,,x)
converges to v in the topology of LS, (Q; M(K)). We say that p € M(K) is invari-
ant with respect to translations if for every 7 € R there holds T#yu = p, where
(T#u,g) := (u,g o T,), and where T, : K — K is defined by T,z(t) := x(t — 7),
for x € K and t € R. Z(K) denotes the class of all invariant measures in P(K).
If x € K is periodic, the notation ¢, stands for the unique invariant probability

(2.1)

measure supported on the orbit of z (which is referred to as to an elementary
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invariant measure), while EZ(K) stands for the set of all elementary invariant mea-
sures in P(K). By L}, (0,1) (respectively, H2_,(0,1)) we denote the set of all real
functions on (0, 1), extended to R by periodicity, which belongs to L, (R) (respec-
tively, HZ _(R)). Sz’ denotes the set of discontinuities of 2/ € K, and |S2’| denotes
cardinality of the set Sz’/. If r1,75 € R and r; < r9, S(r1,72) stands for the set
of all “sawtooth” functions, i.e. the set of all continuous piecewise affine functions
x : (r1,r2) — R with slope equal to either —1 or 1 at almost every point of the
interval (71,72). By Sper(71,72) (respectively, Sper,0(71,72)) we denote the set of all
functions in S(rq, ) with property x(r1) = x(r2) (respectively, z(r1) = z(rz) = 0),
extended to R by periodicity. Lip(v) stands for the Lipschitz constant of a func-
tion v : R — R. Finally, we recall the notion of I'-convergence. If X is a metric
space then a sequence of functions F¢ : X — [0,400] is said to I'-converge to F

on X (which we write as F* r ) if the following two properties are fulfilled:
For every x € X and a sequence (2°) in X such that 2 — =z in X there holds
liminf, F(2°) > F(z) (the lower bound); for every y € X there exists a sequence
(y°) in X such that y* — y in X and limsup, F*(y¢) < F(y) (the upper bound).
If there holds limsup, F¢(x.) < 400, we say that (z.) is a finite-energy sequence
(or FE sequence) for (F¢). Detailed and systematic treatment of this type of con-
vergence can be found in [8].

3. Formulation of the Problem and Plan of the Paper

The main steps in asymptotic analysis of the functional (1.2) can be summarized
as follows (cf. [1, p. 779]).

e In Step 1 we characterize the class of all Young measures v € YM((0,1); K)
which are generated by sequences of e-blowups s — Rv® as ¢ — 0, where
Rev(t) := e Bu(s +€'/3t), t € R and v* € HE (R).

e In Step 2 we rewrite the rescaled functionals e=2/3I (v) as fo fé(Rsv)ds for a
suitable choice of Riv and f:.

e In Step 3 we are to identify the I-limit fs of the sequence (f¢) ase — 0 on K
for almost every s € (0,1).

e In Step 4 we are required to determine the I'-limit F,l of the sequence (Fy, ),

where F7 : YM((0,1); K) — [0,+400] defined by F7 ( fo vs, fS)ds, if v =
O e, for some v € H2_(0,1) (FE, (v) := +o0, 0therw1se)

e Finally, in Step 5, we are to find the minimizer for F,, and prove its uniqueness.

According to [1, Proposition 3.6], fs + K — [0,400] is defined by fs(z) =
%|Sx’ N (=r, )| + ao(s) " 2*(r)dr, if @ € S(—r,7) (fs(z) := +00, otherwise).
By [1, Proposition 3.1], it is natural to define FaO : YM((0,1); K) — [0, +00] by
Foo(v) = [y {vs, fs)ds, if vy € T(K) for ae. s € (0,1) (Fy(v) := +oo, other-
wise). To justify the choice of F in the Step 4, we rely on the following remarks
concerning integral functionals on measurable maps from (0,1) to K (denoted
by Meas((0,1); K)) and their extensions to YM((0,1); K). If f : (0,1) x K —
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[0,400] is Borel measurable, then it defines a functional on Meas((0,1); K) by
u fol f(s,u(s))ds. Then there are two ways to extend such a mapping on
YM((0,1); K): by linearity and by +o0o. We quote a variant of Theorem 2.12.
In [1] which discusses the lower-semicontinuity and I'-convergence of both types
of extensions.

Theorem 3.1. Let f, : K — [0,+00] be given by fs(u) := f(s,u(s)), s € (0,1)
for some Borel measurable f : (0,1) x R — [0,+00]. Let us define Fy, Fy,:
YM((0,1); K) — [0,400] by Ff(v) = f01<1/s7fs>ds, if v = 4, for some u €
Meas((0,1); K) (Ff(v) := +oo, otherwise), F¢(v) = f01<us,fs>ds for every v €

YM((0,1); K). If the integrands f* satisfy f¢ L, fs ase — 0 on K for almost every
s € (0,1), and if the functions Ef¢ defined by Ef¢(s) := infecx f°(s,z) are equi-
integrable on (0,1), then Fy- L?f and F y- L?f as e — 0 on YM((0,1); K).
Both Fe and F e verify the lower-bound inequality without any assumption on
Efe.

Next, we adjust the language of Theorem 3.1 to our consideration by introducing
the following definition.

Definition 3.2. Consider F%. : YM((0,1); K) — [0, +oc] defined by F%.(v) :=
fol (Vs, [£), if v = ORey for ae. s € (0,1) for some v € HY (R) (Ff. (v) := 400, oth-
erwise), where f¢ AN fson K ase — 0 for a.e. s € (0,1). We say that the sequence
(F'fe) has the commutation property if the I-limit of (F7.) on YM((0,1); K) as
e — 0 exists and it is given by Fy(v) := f01<us, fs)yds if vs € Z(K) for a.e. s € (0,1)
(Ff(v) := +00, otherwise).

Further, if £ C (0,1) is a measurable set, we consider Ff.  : YM(E; K) —
[0, +00] (respectively, Fi;p : YM(E; K) — [0,+00]) defined as Fj. (respectively,
Fy), but with fol replaced by [, whereby condition v = §p.,, for some v € H (R)
(respectively, vy € Z(K) for a.e. s € (0,1)) is replaced by condition vy = dg<, for
some v € H2 (R) and a.e. s € E (respectively, vy € Z(K) for a.e. s € E).

Proposition 3.3 (Locality of I'-convergence). If the sequence (ijs) has the
commutation property, then for arbitrary Borel measurable set E C (0,1) the
sequence (ijs;E) also has the commutation property.

Proof. The lower bound follows by independence of boundary conditions (cf. [1,
p. 813]), Borel regularity of A and Theorem 3.1. Regarding the proof of the upper
bound, we argue as follows. Consider v € YM(E; K) such that Fy,g(v) < 400
and p € YM((0,1); K) such that pxp = v and Fy(pu) < +oo. By assumption
there exists a sequence v° € HZ _(R) such that dp.,. — p in YM((0,1); K) as
e — 0 and lim, F5. (8g-,-) = Fy(p). By [1, Remark 2.5] there holds § pe - xp — v
in YM(E; K) as ¢ — 0. If we define pu*(E) := [, (0peve, fS)ds, then E — pf(E)
is a Radon measure. For arbitrary subsequence (not relabeled) of measures (u°)
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by construction there holds ||u°|| < Fy(p) (provided ¢ is small enough). Therefore
there exists a Radon measure p° and a further subsequence (not relabeled) such
that & — u® in M;(0,1) as e — 0, |0 < Fy(p), lim. pf(E) = u°(E) for every
Borel measurable set £ C (0,1). Then u® and E — Fy.p(p) are Radon measures
such that for every open set E C (0,1) there holds p°(E) < Ff.g(p). In effect, the
upper bound holds for arbitrary measurable set E C (0,1). O

As a sufficient condition for the successful completion of the Step 4, Alberti and
Miiller introduced the following notion (cf. [1, p. 803]).

Definition 3.4. Consider ¢ : K — [0, +00]. We say that K is ¢-uniformly approx-
imable if for every € > 0 there exists h = h(g) > 0 such that for every point z € K
we can find an h-periodic point & € K which satisfies foh d(Trz, Trz)dr < € and

(T z)dr < 45 (Tyx)dr + e,

The main result in [1] now can be stated as follows.

Theorem 3.5. K is fs-uniformly approzimable for a.e. s € (0,1), and there holds

Fg, L, F,, ase — 0 on YM((0,1); K). Moreover, the conclusion is independent of
boundary conditions: in the definition of F; we can replace H2_ (0,1) by H?*(0,1).

Thus Theorem 3.5 ensures that the sequence (F}; ) has the commutation prop-
erty. In the next two sections we prove that functionals derived from (1.1) (according
to the Step 4 of the approach) also posses such a feature, though our arguments are
somewhat different in comparison to those in [1]. In Sec. 4 we obtain I'-convergence
by establishing a kind of asymptotic equivalence of functionals (¢~2/31%) and suit-
ably chosen (rescaled) functionals of type (1.2). Then, independently of Sec. 4, we
identify the I'-limit in Sec. 5. In the calculations we avoid the question of p-uniform
approximability of K for a natural choice of ¢. In the end of our consideration, we
revisit the proof of I'-convergence of functionals (1.1) and we note that the strategy
of the proofs in [1] can be followed step by step, even if p-uniform approximability
is not at our disposal. We discuss this topic in some detail in Sec. 6.

4. T'-Convergence Result

Herein we describe the main points of the approach concerning the functional (1.1).
To this end, we consider W which satisfies
W(¢) > col¢]™  for every ¢ such that |(| > Ry, (4.1)

where ¢g, Rg > 0 and rg > 1. We assume that a is a Carathéodory function (mea-
surable in (s, o), continuous in &, extended by periodicity to R? x R?) such that:

inf a(s,0,€) > ap >0, fora.e. (s,0)€(0,1)2 (4.2)
£cRr?

a(s, 0,€) < ho(s,0) + [&1]7hi(s) + |&2[Pha(s), for ae. (s,0) € (0,1)%,  (4.3)
where 5 = (517§2) € R27 hlahQ S Ll (071)7 hO S Léer((071) X (051))7 q €

per

(0,400) and p € (0,70]. In this section we prove that €4 = Eapea =
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Ey fo (Jrs A(s, €)dvo (£))'/3ds, where Voo == $0(0,—1)+50(0,1)- We begin by proving
the following techmcal results which we use in the proof of Proposition 4.2.

Lemma 4.1. Consider A | fo £ a(s+e3r, 043t eV 32(t), 2/ (t))dtdo
and A(s,0,-) : K — |0, +oo] deﬁned by A(s,0,y) == fo F, a(s,0,0,y(t))dtdo. If

. =z in Whi(—rr) ase — 0, x € S(—r,7) and ||acs||LT0 (—r) < C, then
A () — A(s,0,2") inLY(=r,7) (a.e. s € (0,1)), (4.4)
Ai:y(a@a) S AM(5,0,2")  in L®(=r,7)  (a.e. s € (0,1)), (4.5)

where, for M > 0, AM(s5,0,y) == fol f aM(s,0,0,y(t))dtdo, a* := min{a, M}
and ASM (x fo f aM s+51/37 o+ el B3t et3x(t), 2/ (t))dtdo.

Proof. We divide the proof into four steps.

Step 1. To begin with, we extract a subsequence (not relabeled) such that z.(t) —
x(t) and zL(t) — 2/(¢t) for a.e. t € (—r,r). By Egoroff’s theorem for every n € (0,1)
there exists a measurable set E, C (—r,r) such that A\(E,) < n and 2. — «
uniformly on (—r,7)\E; and 2. — 2’ uniformly on (—r, r)\E We fix M > 0 and
we consider a™ : (0,1) x R?> — R defined by a*(s,&) = fo aM(s,0,€)do. By
the Scorza—Dragoni theorem there exists an increasing sequence of compact sets
(F};) such that F; C (0,1), lim;_ A((0,1)\Fj) = 0 and such that the restriction
of @ on F; x R? is continuous. Since @ is uniformly continuous on compact set
([s— A, s+A]NF;) x [—2,2]?, for every A > 0 there exists mo(A, s, j, M) € N such
that for every m > mg and every (p;, &) € ([S—A s+AINE;) x[-2,2]2,i=1,2,
1(pr.&1) = (p2, &,)I| < - implies & (p1,€;)—a™ (p2,€5)| < A. On the other hand,
for a given m € N there exibts 50 = eo(m,n) such that for every e € (0,&0] there

holds ||I5 - IHLoo(( rT)\En) and ||3j ':C/”LOO((fr,r)\En) < ﬁ
Step 2. Further, we prove that for every i) € L>°(—r,r) there holds

T

lim sup TAgyT(xE)w(T)dTg A(s,0,2" ) (T)dr. (4.6)

e—0 —r —r

Since a is 1-periodic in o, by Step 1 for arbitrary M > 0 we get

" 1
timsup AT (s)dr < o /( 0. O+ A ()
r,r)\Ey

e—0 —r r

where A;(M,n) = 5= A+ 25 (A(F)A(E,) +2rA((0,1)\F;)). We pass to the limit as
J — +ocandasn — 0 by the dominated convergence theorem, and, by arbitrariness
of A > 0, we obtain limsup, f ASM(z.)dr < A(s,0,2"). We set Hy(s,0) =
ho(s,a) + c1hi(s) + c2ha(s), where llzellf, < e and [|2L]]{% < ca. Since hg is 1-

periodic in o, we have fol Hy(s+e'37,0+e'/3t)do = H(s+e"/37), where H(s) :=
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fol Ho(s, p)dp € L1(0,1). To proceed, we estimate

T s+€1/3r
A (i < f A edr+ e [ Do,

—r —r —el/3p

and it results limsup, £ A5 (z)dr < A(s,0,2) + +Hpy(s), where Hy(s) := 0 if
H(s) < M, and Hy;(s) := H(s), otherwise. Since H € L*(0, 1), there holds Hy; — 0
in L1(0,1) as M — +o0, and we can extract a subsequence (not relabeled) such
that Hps(s) — 0 for a.e. s € (0,1). Therefore we can pass to the limit as M — +o0,
getting (4.6) for ¢(7) = 1. Next, we claim that for every simple function ¢(r) :=
Yo cixs(t), T € (=1, 1) (where B; C (—r,7), i = 1,...,n, are measurable sets
such that A((—r,7)\U!_, B;) = 0) (4.6) holds true. By outer Borel regularity of
measure A for every § > 0 there exists an open set Bi such that B C B} and
A(BE\B?) < §. Then each B} can be written as a disjoint union of countably many
open intervals I}, k € N. As before, it follows
s+el/3r

1
A (w)dr < / ARV (@ )dr + eI / Hr(0)xsy (e~ /3(6 — 5))do,

Ii i —el/3r

where, by [9, Corollary 1.7.2, p. 44], for a.e s € (0, 1) holds

s+51/3 )
Jim 571/3/ o (0)xs; (/30 — ))d8 = AIL) H (5).

e—0 _el/3p
As we apply the sum over all k, we have

AS (z2)dr g/ ASM (2,) dT+Z g1/3
5

Bi B

S+61/3
X / Har(0)xp; (e71/2(0 — 5))db.

_el/3,
We pass to the limit as ¢ — 0, § — 0, and as M — 400 by the dominated conver-
gence theorem. Thus, summation over ¢ yields (4.6). For a given ¢ € L*>°(—r,r) we
take a sequence of simple functions (¢x) such that ||« — ¢N||Loo( oy S 4. Then
AL (x)(r)dr < 7 AS (a )N (T)dr + %o, AS (x2)dT, and, as € — 0 we
get

T

r B 1 .
limsup £ Af  (z)y(r)dr < A(s,0, 2"y (T)dT + NA(&O, z').

e—0 —r —r
As we let N — 400, we obtain (4.6).
Step 3. By Step 1 for e < min{eo, A%r=3} £ AS .+ (ze)dr is bounded from below
by —5 + 4T2€1/3 ﬁ87€1/3T78+61/3T]ij f(fm)\En T(p,0,2'(t))dtdp. Therefore
" A1
liminf 4 AS (%e)dT > — o=+ — aM(s,0,2'())dtxr, (s).
=0 S 2r 20 J—rnB, '
By passing to the limit, first as j — 400, then as n — 0 and as A — 0, and finally
as M — +o0, we get liminf, f" AS_(z.)dr > " A(s,0,2")dr. Now we claim that



Anal. Appl. Downloaded from www.worldscientific.com
by Dr. Andrija Raguz on 10/24/14. For persona use only.

Relazation of Ginzburg—Landau functional 9

for every 1 € L°°(—r,r) there holds

liminf A5 (z)y(r)dr > f A(s,0,2")¢(r)dr. (4.7)

e -r -Tr

By Mikusinski’s theorem (cf. [10, Theorem 3.104, p. 113]) for every v € L*(—r,r)
there exists a sequence of piecewise constant functions (i) such that v — ¥
in L(=r,r) as k — oo, where yx(s) = Y1 chxp(s), and I} = (af,b})
for ¢+ = 1,...,N; are pairwise disjoint open 1ntervals For a subsequence
(Yrar) such that ([ — g,y < o= there holds ' AS (w)v(r)dr >
F, ASM (x2)ir,, (T)dT — 57. As before, we pass to the limit, first as ¢ — 0, and
then as M — 400, getting (4.7).

Step 4. Since the argument above can be carried out for arbitrary subsequence of
the sequence (A (z.)), we get (4.4). To prove (4.5) we consider ¢ € L'(—r,r) and
a sequence (1) as in Step 3. Then we obtain the following bounds:

]{ A2 (0 p(r)dr > ][ AZM (@ ) (r)dr — MY = dellya oy (48)

T

A (w)p(r)dr < f AT (xe)yu(T)dr + MY — Pl p - (49)

-r -

Finally, as we let ¢ — 0 and k — 400 in (4.8) and (4.9), we recover (4.5). O

Next, we complete the second and the third step of the approach.

Proposition 4.2. Ifv € H2_(0,1), then there holds e=2/3I¢ (v fo ©<(R
where ¢S : K — [0, +00] is defined by

5(x) = ][T (32" (1) + e 2PW (! (7)) + A L (2)a® (7))dr, (4.10)

if v € H2(—r,7) (¢5(z) := +o00, otherwise). Furthermore, under assumptions (4.1)—
(4.3), it follows AN s ase — 0 on K for a.e. s € (0,1), where ps : K — [0, +00]
is defined by

|S'x N (- T7T)|+A(s,07$')][ 2% (7)dr, (4.11)

-

oule) = 2"

if v € S(—r,7) (ps(x) := 400, otherwise).

Proof. To prove the lower bound, we consider a sequence (x.) such that z. — x
in K as ¢ — 0. Without loss of generality, we can assume that there holds
liminf, ¢5(x.) < +oo (otherwise there is nothing to prove). By (4.2) there
holds liminf, f§ (2:) < +oo, where f; : K — [0,+0c] is defined as in (4. 10)
with AS _(z) replaced by ap. Then there exists a subsequence (not relabeled), s

that (z.) is FE sequence for (f ). By the theorem of Modica and Mortola (cf. [ ])
(z.) is pre-compact in Wh(—r,r), liminf, fir(sz/sﬁc’;z(ﬂ + e 2BW (2L (7)))dT >
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2o(Sa’ N (—r,7)|, and @ € S(—r,r). By Lemma 4.1 the sequence (ASM(z.))
converges to AM(s,0,2) weakly-star in L®(—r,r) as ¢ — 0 for a.e. s € (0,1).
Consequently, 2 — 22 in Ll( r,r) as e — 0 implies that  ASM(z.)22(r)dr
converges to AM(s,0,2") )£ 2 (t)dt as e — 0 for a.e. s € (0,1). Then it follows
liminf. 7 A5 (zc)22(r)dr > A(s,0,2') ", 2*(t)dt for a.e. s € (0,1) (where we
pass to the limit as M — 400 by Fatous lemma). By the uniqueness of the
cluster point z we get liminf. p5(xz.) > @s(z). The upper bound follows by [1,
Proposition 3.6]: for every T € S(—r,r) there exists a sequence (Z.) such that
Z. € H3(—r,7r), Lip(T.) < 1, Z- — T in Wh(—r,7) (and therefore 7. — T in
L(=r,7)) as ¢ — 0 and lim. f5 (To) = fa,(T), where fo, : K — [0,+00] is
defined as in (4.11), with A(s,0,2") replaced by ap. By Lemma 4.1 the sequence
(A5, (T:)) converges to A(s,0,T') weakly in L'(—r,7) as ¢ — 0 for a.e. s € (0,1),
which gives lim. 7, A, (7.)72(r)dr = 7, A(s,0,7)7(r)dr. 0

In the next corollary we show that there exist many FE sequences for (¢%).

Corollary 4.3. If (4.1)-(4.3) hold, and if s +— fol ho(s,0)do € LP°(0,1) and
hi,he € LP°(0,1) for some py € (1,+0c|, then for a.e. s € (0,1) there holds:
(wc) is FE sequence for (¢5) if and only if (x.) is FE sequence for (fg, ). If ro > 1,
we can allow po = 1.

Proof. The “only if” part follows by (4.2). To prove the “if” part, we
consider arbitrary FE sequence (v:) for (f5 ). By inequality ¢5(z:) <

S (@) + 7 AL (z2)22(r)dr and by (4. 3) we estimate limsup, p5(z.) < C +
limsup, §°, Ho(s+e'/37)x?(r)dr, where Hy(s fo ho(s,o)do+c1hi(s)+caha(s),
= ||a:5||iq(_m,) < ¢y, %HxEHLp(_M) < ca, and s is the Lebesgue point of H§°. Then,
by an application of the Rellich imbedding theorem we have ||x§||Lq0(_r7T) < Cy,
where p—o + o = 1. Hence, Hélder’s Inequality implies limsup, Wi(xe) < C+

C;’ (2r)P° Hy(s ) +oo for a.e. s € (0,1). m|

We have not been able to establish ¢s-uniform approximability of K even for
very simple functions a. We provide some partial results in Sec. 6. To avoid such
a difficulty, we use more flexible estimates below which yield successful completion
of the remaining steps. Crucial ingredlent is a klnd of Strong convergence of the
lower-order term A(s v,v"). We set I2(v fo ) + av®(s))ds, where v €
WEH0,1), and Ax(s) := [z2 A(s, &) dva (5) Then we obtaln the following result.

Proposition 4.4. If there holds (4.1)-(4.3) and if (v:) is FE sequence for
(72/319), then there holds:

« 1 1 .
Qe o) — 55(0,—1) + 55(0,1) in LS5, ((0,1); P(R?)), (4.12)

hm A(s,ve,0L) = Ae(s)  (a.e. s € (0,1)). (4.13)

e—0



Anal. Appl. Downloaded from www.worldscientific.com
by Dr. Andrija Raguz on 10/24/14. For persona use only.

Relazation of Ginzburg—Landau functional 11

Proof. We simply note that every FE sequence for (5’2/ 315) is also a minimizing
sequence for I . Then it is a well-known fact (cf. [1, p. 763] or [13, p. 36]) that,
under assumption (4.1), every minimizing sequence (w; ) for I, 20 share the properties
w. — 0 in L2(0,1), Oy 2161 + 161 in L.((0,1); P(R)). Thus, every given
subsequence (e,,) has further subsequence (e, ) such that w,, (s) — 0 for a.e. s €
(0,1) as m — oo. By [13, Corollary 3.4] we obtain (4.12). To verify (4.13), we use [13,
Corollary 3.3], getting liminf. .o A(s,v.,v.) > Ax(s) for a.e. s € (0,1) for arbitrary
positive Carathéodory function a. On the other hand, by (4.1), (v.) is bounded
in L™(0,1) and (by the Rellich imbedding theorem) (v.) is bounded in L4(0,1)
for every g € [1,+400). Therefore, by (4.3), the sequence o +— a(s,o,v:(0),v.(0))
is bounded in L!(0,1) for a.e s € (0,1). Then Chacon’s biting lemma (cf. [3]),
combined with the fundamental theorem of Young measures, provides

e—0 e—0

1 1
= / (—a(s7o70, —1)+ =a(s, 0,0, 1)) do
©O\B; \2 :

1
—|—/ hj(s,o)do,
0

where (E;) is a sequence of Borel measurable sets such that lim;_, 4. AM(E;) =0,
E; € (0,1), hj(s,0) = ho(s,0)xE,(0) + cihi(s) + c2ha(s), ||115||Eq(071) < ¢,
||v;||€,,(071) < cg. At last, we pass to the limit as j — o0 in the last inequality. O

1
limsup A(s, ve,v.) < limsup/ a(s, o, ’UE(O'),v;(O'))dO'—F/ hj(s,o)do
(0,D\E; 0

Before we present the proof of I'-convergence result for the relaxed function-
als, we introduce some further notation. We define f5 ., fs.co : K — [0, +00] by
2 oly) = £ EBYR(r) + W (7)) + A ()y(r)dr, if y € HE(—1,7)
(f5 oo(y) := +00, otherwise),

T

el = 5218V 1 ()| + A (o) (1.14)

if y € S(=r,7) (fs,00(y) := +00, otherwise). Then by the theorem of Modica and
Mortola (cf. [11]) it follows

feoe == fooo oMK (ac. s e (0,1)) (4.15)
To proceed, we define F§, Fa : YM((0,1); K') — [0, +00] by

1
/ (Vs,pS)ds  if v = §p., for some v € HZ_ (0, 1),
0

FS(v): be (4.16)

400 otherwise,

1
/ (vs, ps)ds if vy € Z(K) for a.e. s € (0,1),
0

Fa(v) == (4.17)

+00 otherwise.
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Fig. 1. Sawtooth function Ts € Sper(O,ES), hs 1= (:8—%)1/3.

Accordingly, Fa__ : YM((0,1); K) — [0,+00] is defined by Fa_ (v) := fol(ys,
fs,00)ds, if vg € I(K) for a.e. s € (0,1) (Fa_ (v) := 400, otherwise).

Theorem 4.5. If (4.1)-(4.3) hold, then F5 —— F4_ as ¢ — 0 on YM((0,1); K).
Besides, if ve minimizes 15, then (ve) satisfies dpe,, & in YM((0,1); K) as
£ — 0, where Ex(s) == ez, for almost every s € (0,1), with Ts € Sper(0, hs) depicted
i Fig. 1.

Proof. First, we obtain the lower bound. If v —~ v in YM((0,1); K) as ¢ — 0,
we can assume that there holds lim inf. F'§(v®) < +o0. By (4.16) and by extracting
a subsequence (which we do not relabel) such that liminf is actually a limit, for
sufficiently small € we have v® = &, whereby (v.) is FE sequence for (e72/31).
Now, by Theorem 3.1, (4.15) and Fatou’s lemma, we estimate

e—0

1
lim i(I)lf F3i(0pe,,) > lim i(I)lf Fi_(0pe,.) +lim inf/ (Ac(s) — Aoo(s))e 2302 (s)ds
E— E— 0

1
> Fy_(v)+ /O lim inf(A.(s) — Aoo(s))e™2/302(s)ds,

£—

where A, (s) := A(s, v, v.). Then Corollary 3.3 in [13] yields the lower bound. Next,
we deal with the upper bound. Let v € YM((0, 1); K) be such that there holds v, €
Z(K) for a.e. s € (0,1). We claim that there exists a sequence (T.) such that there
holds §pe;, — v in YM((0,1); K) as ¢ — 0 and limsup, F§(8pe5.) < Fa_ (v).
Theorem 3.4 in [1] and (4.15) provide Fiu LFA% on YM((0,1); K) as € — 0,
where AM(s) := min{A(s), M} and M > 0. More precisely, the upper bound is
achieved by proving the following property (cf. [1, pp. 788-789)]): for every n > 0
and M > 0 there exist M, > 0 and a sequence (v.) with properties

Vel ry < Mye'’?, e € Hp(0,1), Lip(ve) < 1, (4.18)
limsup ¢(6pew. —vs) <1 (ae. s € (0,1)), (4.19)
e—0 )
lim Sélp Fan (Qpen,) < Fau(v) +1. (4.20)
E—

By (4.20) we immediately get

limsup Fj_ (0pe5.) < Fa (v)+ M Aso(s)ds + 1, (4.21)

e—0 ™
oo
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where T} = {s € (0,1) : Aso(s) > M}. Hence, (v.) is FE sequence for (=315 )
(and therefore minimizing sequence for I? ,) and there holds

0@.v0) —5(0 -nt+3 5 o1 inLZ((0,1); P(R?)). (4.22)

We note that by (4.18) there holds |A(s7ugﬂ’s) — Aso(s)] < 2H(s) for ae. s €
(0,1), where, by (4.3), we have H(s) := fol maxXe, e[~ r,R),ee[—1,1] A(s, 0, &1, &2 )do
for large enough R > 0. At this point we consider function apr such that
ar(s,0,81,&) = a(s,0,,&) for every (§1,&) € [-R,R| x [-R,R] and
ar(s,0,-, ) € Co(R?). By (4.18) for sufficiently small € and every o € R there
holds (v:(0),v.(0)) € [-R, R] X [—-R, R] and so Ag(s,v.,v.) = A(s,T.,V.), where
Ag(s,v,v") = fol ar(s,o,v(c),v'(0))do. By the fundamental theorem of Young
measures and by (4.22) there holds lim. A(s,v.,7.) = lim: Ar(s,0:,7.) = Axo(s),
while the dominated convergence theorem and the fact that H € L'(0,1) imply
lim, fol |A(s,7:,7L) — Ao (8)|ds = 0. By (4.18) we get

1
F§(8ns,) < Fi @peg) + T, [ 14(,52,50) = Anc(5)lds.
0
Consequently, by (4.21) it follows

limsup F3(0pey,.) < Fa (V) + M Ao (s)ds + . (4.23)

e—0 TM
As M — +ooandn — 0, (4.23) and (4.20) amount to limsup, F5(dge5.) < Fa,, (V)
and limsup, ®(d-. — v) = 0. Regarding the second assertion, by [1, Proposition
5.8] we know K is f, oo-uniformly approximable for a.e. s € (0,1), which, in turn,
implies that the unique minimizer for Fa_, is & (cf. [1, Theorem 3.12]). Therefore
e-blowups of the minimizers (v:) generate &z as € — 0. |

Corollary 4.6. If there holds (4.1)-(4.3), then we have €a4 = E4per

Eo fO %3 )dS

Proof. It is enough to prove that there holds £4 > Ej fo 1/3 (s)ds. Consider v, €
H2(0, 1) which minimizes 1§ and a sequence of open intervals (wn) such that w, CC
(0,1) and w,, /" (0,1) as n — +o0. By Theorems 4.5, 3.1 and Proposition 3.3, we
estimate liminf. [ ~@5(R5ve)ds > Eo [, AM3(s)ds. Since for 0 := s + £'/37 there
holds

][_ ) / (P0L20) + W(0L(6) + A, ve, oL o2 (6))ddr = / o (RE0.)ds

Wn

we derive £4 > Ejy fwn Aéég(s)ds. At last, we let n tend to infinity. O

Corollary 4.7. If (4.1)-(4.3) hold, and if s — fol ho(s,0)do € L°(0,1), hy,he €
L>°(0,1), then there holds: (v.) is FE sequence for (¢~2/31%) if and only if (v.) is
FE sequence for (5_2/315100).
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Proof. The “only if” part follows from the proof of the lower bound in
Theorem 4.5. To verify the “if” part, we note that for any FE sequence (v.) for
(e72/315 ) there holds e~ %315 (v.) < e /315 (vc) + fol |A(s,ve,0L) — Aso($)]
w,(s)ds, where w. (s) := e~ 2/3v2(s). Then w. > 0, w. € LO"(O7 1), [[wellg2 0,1y < co-
We estimate lim sup, e ~2/21 (v.) < C+lim sups 2 fol Hoy(s)we(s)ds, where, by (4.3),
for suitable ¢; > 0 and co > 0 we choose Hy(s fo ho(s J)d0+clh1( )+coha(s) €
L*(0,1). In the end, we apply Holder’s 1nequahty O

In particular, Corollaries 4.3 and 4.7 show that /5 can be viewed as a lower-order
perturbation of I7 .

5. Identification of the I'-Limit

In this section we prove that there holds Fliy = Fla__

Proposition 5.1. Ifa satisfies (4.2) and (4.3), then for every v € Z(K) there holds
(U, fs.00) > (v, ps) for a.e. s € (0,1), so that Fa_ > Fa.

Proof. Let s € (0,1) be given. Without loss of generality we can assume that
v € I(K) satisfies (v, fs00) < +00. Since K is fs -uniformly approximable, by
[1, Corollary 5.11] there exists a sequence (zx) in K such that x € Sper,0(0, hi),
€1, sy and limy—yoo(€ry, fo.00) = (V, fs,00). On the other hand, by the lower-
semicontinuity of ¢, and Theorem 3.1 we deduce limp_ oo (€x,,ps) > (V, @s),
getting (v, fs0o) > (v, @s) for every v € Z(K) and Fa__(v) > Fa(v) for every
v € YM((0,1); K). O

By Theorem 3.1 for any sequence (v.) such that v. ——wv in YM((0,1); K)
there holds liminf, F'§(v.) > Fa(v). One of the consequences of Theorem 4.5 is
the conclusion that F4__ is an optimal lower bound, while F4 is in principle only one
of possibly many lower bounds. In the following we establish optimality of Fl4 thus
proving that F4 = F4__. To proceed, we introduce the notation Sj..(R) to denote
the set of all functions in K which belong to & ( T, r) for every r > 0. We recall that
A(s,0,-) : K — [0, 400] is defined by A(s, 0, ) fo F, a(s,0,0,y(t)dtdo, y € K.
Then we can write A(s, 0,2") = (A(s, 0, -)oD)(z ), where D : Sjoc(R) — K is defined
by D(x)(t) := 2/(t), t € R, x € Sioc(R), and where 2’ is distributional derivative
of x (therefore |D(z)(t)] = 1 for a.e. t € R). We define Zy(K) = {v € I(K) :
(V, fay) < +00}. By [1, Corollary 5.11 and Theorem 3.4] (cf. [1, Remark, p. 782]),
(V, fay) is independent of r for arbitrary v € Z(K) and so Zy(K) is independent
of r, convex and ¢-closed (by the lower-semicontinuity of f,,). We define D# :
EL(K)NTIy(K) — P(K) by D#(e,) := €p(s), where & € Sper(0, h) for some h > 0.
Then we have D#(e,) = 30_1 + 3601 for every z € Syer(0,h) and every h > 0.
Thus D# is uniformly ¢-continuous on EZ(K) NZo(K), and it can be extended
by continuity onto the ¢-closure of EZ(K) N Zy(K), which (by [1, Corollary 5.11])
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equals Zo(K). Moreover, there holds D¥# (v) = $6_1+ 46, and (v, go D) = (D¥#v, g)
for every g € C(K) and every v € Zy(K).

Lemma 5.2. If A(s,0,-) € C(K) for a.e. s € (0,1), then for every v € T(K) such
that (v, ps) < oo for a.e. s € (0,1) there holds (v, A(s,0,-) o D) = A (s) and
(v, ps) = (U, fs,00) for a.e. s € (0,1).

Proof. Consider v € Z(K) such that (v, ps) < +oo for a.e. s € (0,1). Then by (4.3)
there holds (v, fo,) < +00, and we have f,,(r) < 4+oc for v-a.e. € K, which gives
z € Sioc(R) for v-a.e. x € K. Therefore Sioc(R) C supp(v) for every v € Ip(K).
On the other hand (v, fo,) = fsupp(u) fao(@)dv(x) < 400 provides = € Sioc(R) for
v-a.e. x € supp(r). Thus there exists a set £ C K (which depends on v) such
that £ C supp(v), ¥(E) = 0 and Sjoc(R) = supp(v)\E. Hence, (v, A(s,0,-) o D)
is well-defined and finite. By [1, Corollary 5.11] there exists a sequence (xj) in K
such that zx € Sper,0(0, h) and €5, “svask — +o00in P(K). Continuity of D#
gives D#e,, —— D#v as k — +oo in P(K), while by assumption A(s,0,-) € C(K)
it follows (e,,, A(s,0,-) o D) — (1, A(5,0,-) o D) as k — +oo. At this point for
x € Sper(0, h) we calculate

1 pr h—t
(€z,A(s,0,-) 0 D) :][ ][ ][ a(s,0,0,2'(€))dédtdo = As(s). (5.1)
0 J—rJt
We conclude that for every k& € N there holds (e,,, A(s,0,:) o D) = Ay(s) and
Ao (s) = (v, A(s,0,-) o D). Therefore there also holds (v, ps) = (V, fs,00)- O

In the next proposition we show that there are examples of a which satisfy
both (4.2) and (4.3) (for instance, if ho = 0) as well as A(s,0,:) € C(K) for a.e.
s € (0,1).

Proposition 5.3. Suppose that for every &1, € R and almost every s and o
there holds:

a(s7 g, fla 62) = b0(87 g, fl)% arCtan(£2) + 00(87 g, fl) (52)

where by, co are nonnegative, measurable in s and o, continuous in &, such that
bo(s,0,81) + co(s,0,81) < ho(s,0)+|&1]Th1(s), 0 < ap < —bo(s,0,&1) +co(s,0,&1).
Then A(s,0,-) € C(K) for a.e. s € (0,1), and @iprs as e — 0 on K for a.e.
s € (0,1). Moreover, there holds F5 L Fyase—0on YM((0,1); K).

Proof. Suppose that y, — y in K as n — +oco. By (2.1) we have
arctan(y,) — arctan(y) in L°(R). Then for every r > 0 it follows
f" arctan(y,(t))dt — f  arctan(y(t))dt, so that lim, A(s,0,y,) = A(s,0,y).
By (5.2) a satisfies assumptions (4.2)—(4.3). Therefore, by Lemma 4.1, if (z.) is
FE sequence for (%) which satisfies z. — 2 in Whi(—r r) as e — 0, then it follows
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AL () — A(s,0,2') in LY(—7r,7) as € — 0 and ¢ prs as e — 0 on K for a.e.
s € (0,1). The last assertion now follows directly from Lemma 5.2. |

Theorem 5.4. If a satisfies (4.2) and (4.3), then Fa = Fa_ . Therefore the
sequence (F'5) has the commutation property.

Proof. First, we assume that a is independent of s, whereby we write 121(0, 3
(respectively, @) instead of A(s, 0, -) (respectively, @, ). Consider arbitrary v € Z(K)
such that (v,¢) < +oo. By Urysohn’s lemma there exists a sequence of func-
tions (a™) which satisfy (5.2) and ([1”( 0,-) o D)(x) — (A(O, -) o D)(x) for every
z € Se(R) as n — +oo where A™(0,y) = fo £ a"(0,0,y(t))dtdo. Thus
[ (A™(0,-) o D)(= — [(A(0,-) o D)(w)dv(x) and A™(0,-) — A(0,-) D¥#v-
almost everywhere on K as n — +oo. Now by Lemma 5.2 there holds (v, A(0,-) o
D) = (D#v, A(0,-)) = Awo, and, ultimately, Fy = F,4__. Next, we assume that a is
essentially bounded with respect to s. We consider a sequence of simple functions
(an) defined by a,(s,0,&) = Zk Lak (o, €)Xt (5), (s,0,€) € (0,1) x (0,1) x R?,
where a, < a, a, — a almost everywhere, [an|~ < |lalp -, @& C (0,1)
are measurable sets such that A((0, 1)\ Uiv:"l wk) =0, and ap < af < [|af|} .
In accordance with the notation in Sec. 3, for a measurable set E C (0,1) we
define Fla.p as in (4.17), but with fol replaced by fE Then we can write Fy,
2ok Farwr, Fa, o =35 Far _n, where Ak (0,y) fo " ak(0,0,y(t))dtdo and
Ak = (Voo, AE(0,-)). We already proved that there holds Fk k= Far . n.
In effect, we have Fu, = Fa, _, where A,(s,0,y) := fol F an(s,0,0,y(t))dtdo
and A, 00(8) = (Voo, An(s,0,-)). Since A,(s,0,-) < A(s,0,-) for ae. s € (0,1)
implies Fa, < Fa, as n — oo we get Fa__ < Fy. Then, by Proposition 5.1,
it follows Fa_ = FA Indeed, we assume that a is mtegrable with respect to
€ (0,1). We set a™ := min{a, M}, AM(s,v,v) := fo (s,0,v(0),v'(0))do and
AM = min{A., M}, where M > 0. Then Fan < Fa and Fymu = Fyu. Finally,
we pass to the limit as M — oo. O

Corollary 5.5. For any a which satisfies (4.2) and (4.3) we have F§ L Py ase >
0 on YM((0,1); K). In particular, Fa : YM((0,1); K) — [0, +00] is independent of
r > 0.

Proof. The claims follow by Theorems 4.5 and 5.4, and [1, Remark, p. 782]. O

6. On Partial ps-Uniform Approximability

In this section we give some sufficient conditions which ensure the commutation
property in full generality (as stated in Definition 3.4). We also present some prop-
erties which necessarily follow by the commutation property. Our consideration is
inspired partly by [1, Theorem 2.12(iv)] (and subsequent remarks therein) and
partly by [1, Secs. 4 and 5]. In the following by Per(R) we denote the set of
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all periodic functions x € K. If z € K is h-periodic for some h > 0 we write
x € Per(0, h) (if, in addition, there holds x(0) = z(h) = 0, we write x € Pery(0, h)).

Definition 6.1. We say that K is uniformly approximable if for every € > 0 there
exists h = h(e) > 0 such that for every point x € K we can find Z € Per(0, h) which
satisfies jCOh d(Trz, T, 2)dr < e.

Proposition 6.2. K is uniformly approximable. Moreover, for every v € Z(K)
there exists a sequence (yi), yr € Pero(0, hy), such that limy_ 4 ¢(ey, —v) = 0.

Proof. By [1, Proposition 5.3] K is uniformly approximable. The proof of the
second assertion is obtained as in [1, Proposition 5.8]: by considering Ry, (where,
for a given € K, & € K is chosen as in Definition 6.1) we can achieve R,Z(0) =
Ryz(h) =0, foh d(T-Rpz, Ty Z)dr < &, and then we continue as in [1, Lemma 5.10
and Corollary 5.11]. O

Next, we introduce the following definition.

Definition 6.3. Consider f : K — [0, +00]. We say that K is partially f-uniformly
approximable if for every e > 0 there exists h = h(e) > 0 such that for every point
x € K we can find & € Per(0, h) which satisfies foh F(T-2)dr < foh f(Trx)dr +e.

Then we obtain the approximation which is a kind of generalization of [1, Corol-
lary 5.11]:

Theorem 6.4. If K is partially f-uniform approximable, and if v € IT(K) sat-
isfies (v, f) < 4oo, then there exists a sequence (ey,), yr € Perg(0,hy), such
that limy . o @€y, — v) = 0, and a sequence (e, ), vx € Per(0, hy), such that
lim Supkﬂ+oo<6wka f> < <V7 f>

Proof. First assertion follows by Proposition 6.2. To prove the second assertion we
fixe > 0and v € Z(K) such that (v, f) < +oc0. By [1, Theorem 4.15] there exist N >
0,H >0, z; € Per(0,H),i=1,..., N, such that 7 := Zivzl o€, (where o; € [0,1],
Zﬁil o; = 1) satisfies (7, f) < (v, f) + €. Therefore inf,cez(x)(p, f) < (v, f) + ¢,
and there exists p. € EZ(K) such that inf,cer(x) (i, f) > (pe, f) — €. Hence,
(e, [) < (v, fy+2e. If e, — 0 as k — +oo, we obtain limsupy, (e,,, f) < (v, f),
where €, 1= [ic, . O

For a set Y C P(K) by [Y] we denote the set of all cluster points of Y. For a
given z € K and h > 0 we define p/* := foh 51, +dT and we set A(x) := {ul : h > 0}.
Since lim, o0 by = h € R\{0} implies p» —~ph in P(K) as n — 400, we
deduce that every point of the set A(x) is its cluster point, so that A(x) C [A(x)]'.
We set 2% (z) = [A(x)] NI(K), EI°(K) := U, E7°(x). Then EI7(K) is
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the set of all probability invariant measures “generated” by some z € K. In the
following lemma we describe the structure of EZ°°(K).

Lemma 6.5. For every & € Per(R) we have EI°(Z) = {ez}, and therefore
EI(K) C ETI™(K). For every x € K\Per(R) the set EI°°(x) contains only cluster
points of A(z) generated by sequences (hy) such that h, — +oo.

Proof. If g € C(K), we set g% := max{g,0} € C(K), g~ := min{g,0} € C(K).
Then g = g% + ¢~ and for hg-periodic & € K we estimate

h* + hoo+ h +
—€x < " < —€x
<h€$7g >—<:uzag >— h€$7g b

6.1
h* B - < N 7> - h* B ( )
- €z, = T = - €z, )
A g Mz, g A g
where h, := [hhg'lho and h* := [hhy'|ho. After summation of the cor-
responding left- and right-hand sides in (6.1), as we pass to the limit as
h — +oo, we get lithJroo% = hmhﬂﬂ)oﬁ =1 n; = 77;r = €z, where
ny = liminf, . o pu? and nf := lim sup;, ., o p. Next, we consider nonpe-
riodic x € K and a sequence (hy,) such that h, — 0. For 7 € R we cal-

culate (T#puln — phn gy = fTh"JrT g(Tex)dé — fo " g(Tex)dE. An application of

L’Hospital’s rule implies lim,,_, o (T7#ul — plhn g) = g(Trx) — g(z). Since for
every nonconstant x € K there exists at least one 7 € R such that Trx # «,
by Urysohn’s lemma there exists g € C(K) such that g(T-x) # g(x). This means
that measures 7, , := liminf,_o ph and 77;'70 := limsup,,_,pu” are not invariant
(we similarly deal with the case when the sequence (h,) converges to h, where
h € R\{0}). Finally, we consider the case when h,, — -+oo. Without loss of gen-
erality we can assume that (u”) weakly-star converges to some limit in 7 € P(K)
as h — +oo (if necessary we pass to a subsequence). Then for 7 > 0 there holds
(T#m — 1, 9)| < 11th+oo + ([ 19(Tew)|dg + fh+T (Tex)|d€) = 0, which proves
that the measures n are invariant. O

For a given function f : K — [0,400] we define f# : P(K) — [0,+0o]
by f#(u) == (u, f), if p € Z(K) (f#(u) := +oo, otherwise). By [1, Remark
4.13, p. 803], if f is lower-semicontinuous, so is f#. We say that Z(K) admits
approximation in f-energy at v € Z(K) if there exists a sequence z; € Per(R) such
that limsup, . (€z,, f) < (v, f) and limp .4 o ¢(€., — v) = 0. We say that Z(K)
admits approximation in f-energy if Z(K) admits approximation in f-energy at
every v € Z(K). Now we are ready to state the following result.

Proposition 6.6. Suppose there holds:

(i) ¢ : K — [0,400] is lower-semicontinuous,
(i) f: K — [O, +o0] is lower-semicontinuous,

)
(iii) f#(u) = o7 () for every u € ET(K),
) K

(iv s f- umformly approximable.
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Then the following conclusions hold:

(a) f# =%

(b) If K is partially p-uniformly approzimable, then min p# = min f#.

(c) If K is partially @-uniformly approzimable, and if ¢ admits an unique min-
imizer 7 on P(K), then f# admits an unique minimizer which equals 7, and
Z(K) admits approximation in p-energy at .

(d) If infucer=(x) fH(p) = inficezery ™ (n), and if f#* : PK) —
[0,4+00] admits a minimizer v € EL(K), then K is partially p-uniformly
approximable.

(e) If there exists Mo > 0 such that K is partially ™ -uniformly approzimable for
every M > My, where oM := min{p, M}, and if f# : P(K) — [0, +o0] admits
a minimizer U € EL(K), then inf ,cezee (i) f# (1) = inf seezoe (1) 07 ().

Proof. (a) The claim follows by the lower-semicontinuity of ¢ and f-uniform
approximability of K (as in Proposition 5.1).

(b) By Theorem 6.4 for every v € Z(K) such that (v,p) < 400 there exists
a sequence (e, ), xr € Per(R), such that limsup,_ | (€., ) < (v, ¢). By weak-
star compactness of P(K) there exists a subsequence (zy,) and p € Z(K') such
that €ay, s as j — 4o0. By the lower-semicontinuity of f on K we get
hmmf]_,+oo(exk . f) > {u, f). Therefore by (iii) we have ¢#(v) > f#(u). By
the lower- melCOHtlIllllty of p on K we get hm]_,+oo<exk sy > {1, 9), so that
©*(v) > (). If v minimizes ¥, then y also minimizes ¢# and there holds
min ¥ > f#(u), i.e. min * > min f#. By (a) the converse is also true, and so we
have min ¢# = min f#.

(c) Suppose that the unique minimizer of ¢# is 7. Consider arbitrary minimizer
7 of f#. By f-uniform approximability of K there exists a sequence (z,), z, €
Per(R), such that ¢,, — 7 as n — 400 and lim, . (e, , f) = (7, f). By the
lower-semicontinuity of ¢ on K we get lim,,— o (€., , ) > (7, ). By (iii) it follows
min f# = f#(0) > ¢ (¥) > minp#. By (b) we actually have equalities instead of
inequalities in the last formula, which means that # also minimizes p#. Thus 7 = T
and (7, f) = (7, ), which gives the desired approximation in ¢-energy.

(d) We assume the opposite. Then there exists €y > 0 such that for every h > 0
there exists z;, € K with the following property: for every Z € Per(0,h) there
holds fo o(Trap)dr < Jco (T, &)dT — £9. We consider h > 0 and & € Per(0, k)
such that (ez, f) = min{(v,f) : v € I(K)}. Then the estimate above holds
for every h such that hh~! € N. By compactness of K there exists a subse-
quence (zp;) and zo € K such that z,, — 2o in K as j — +oo, where
lim; .,y hj = +oc. Moreover, as ¢ is lower-semicontinuous on K and 7T’
K — K is continuous (by [1, Proposition 5.3]), for every 7 € R there holds
liminf; . oo (p o Tr)(xn,;) > (¢ o T7)(2oo). In effect, by Fatou’s lemma we get
lim inf; fR(hij(@(Tfa:hj)x(o)hj)(r)) - h%_((p(T Too)X(0,h,)(7)))dT > 0, and, for fur-

ther subsequence (zp,; ), limk(foh'jk o(Trap,, )dr — fo W o(Trrs )dr) > 0. By (iii) it



Anal. Appl. Downloaded from www.worldscientific.com
by Dr. Andrija Raguz on 10/24/14. For persona use only.

20  A. Raguz

follows
hjk- hjk-
lleg.lof g o(Trrs)dr < 1}@1@3;5 ; o(Trap,, )dr < #GH%I(I}()W’ f)—¢eo. (6.2)

At this point we observe that for any lower-semicontinuous v : K — [0, +00] there
holds (n; , %) < ¢~ (x), where ¢~ (z) := liminf,_ 4o foh Y(Trx)dr, x € K. Indeed,
we recall that identity (., ¢) = liminfy,_ foh g9(Trx)dT holds not only for g €
C(K), but also for every bounded Borel function g : K — R (cf. [1, pp. 800-801]).
Therefore we have liminf;,_, foh Y(Trx)dr > liminfy, o foh YM(Trz)dr =
[ ™ (y)dn; (y), where ¥ := min{y, M} and ™ "+ as M — +oo. As we
pass to the limit as M — 400 in the last inequality, Fatou’s lemma yields
the claim. Since the estimate (6.2) can be obtained for arbitrary subsequence
(wp,) of the sequence (x5,), we use the observation above to obtain (n, ,¢) <
07 (Too) < minyez (k) (1, f) —€o. At last, by Lemma 6.5 we get inf ,cezo (i) (11, ) <
inf, ceze(r) (15 f) — €0-

(e) By (a) there holds inf ez (k) o™ (1) < inf ez (k) f#(11). To prove the
reverse inequality, we note that for 7 € E£Z(K) which minimizes f# on P(K)
by (iii) there holds inf,cez(x) f# (1) < f#(¥) = ¢# (V) and for every § > 0
there exists x5 € K such that (n,,,¢) < inf,cezeo i) (i, ) + 6. On the other

hand, for M > My by partial ¢ -uniform approximability of K for any € > 0 we
can find he > 0 and &. € Per(0, hc) such that (ez_, ™) < (ulz, M) + ¢, where
phe = thE d1,z;dT. Then, we again use (iii) to conclude liminf. .o (ez., fM) <
(Nays ™) < (05, 0) < infcere (i) (1, @) + 0. Since fM(z) — f(z) for every z €
K as M — +o0, by a generalized version of Fatou’s lemma we have (v, f) <
liminfMHJroo(eiEM,fM> < infcezoe (k) (s @) + 0, where limp oo ey = 0 and
(up to a subsequence) €z. v in Z(K) as M — 4o00. Therefore (7, f) < (v, f) <
inf,cezo (k) (1, @) + 0. The assertion follows by arbitrariness of 0. O

Corollary 6.7. Under the assumptions of Proposition 6.6 there holds: If f# admits
a minimizer 7 € EL(K), then there holds:

(i) K is partially o-uniformly approzimable if and only if min ¢* = min f#.
(ii) If there exists My > 0 such that K is partially o™ -uniformly approzximable for
every M > My, then K is partially p-uniformly approzimable.

Proof. By Proposition 6.6(b), it suffice to check the “if” part of (i). To this
end, we suppose that K is not partially p-uniformly approximable and that there
holds min¢# = min f#. By Proposition 6.6(d), there exists ¢g > 0 such that
inf ez (r0) ™ (1) < infeezee (i) [# (1) — 0. This is, however, a clear contradic-
tion, because min ¢ < inf,,ceze () 9™ (1) and min f# = inf,ceze 50y f# (1). To
prove (ii), we combine conclusions (e) and (d) in Proposition 6.6. m|

Corollary 6.8. If the assumptions of Proposition 6.6 are fulfilled and if o* admits
a minimizer v € EL(K), then K is partially p-uniformly approximable.
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Proof. We use assumption (iii) and Proposition 6.6(a), to conclude that 7 € EZ(K)
minimizes f# and that there holds min ¢# = min f#. Then the claim follows by
Corollary 6.7(i). m|

The main result of this section establishes the connection between the commu-
tation property and partial @-uniform approximability.

Theorem 6.9. If there exists fs : K — [0,400] such that K is fs-uniformly
approzimable for a.e. s € (0,1) and Fg. L>Ff as e — 0 on YM((0,1); K), where
ws Lups ase — 0 on K for a.e. s € (0,1), then there holds:

(i) (Sufficiency) If there holds ¢¥ = f¥ for a.e. s € (0,1), then the sequence
(F5<) has the commutation property.

(ii) (Necessity) If the sequence (Fg:) has the commutation property and if Fy
admits a minimizer U such that vy € EL(K) for a.e. s € (0,1), then K is
partially ps-uniformly approzimable for a.e. s € (0,1).

Proof. Claim (i) follows by assumption (ii) in Proposition 6.6 and the definition of
F, and Fy. We prove the claim (ii) by assuming the opposite. Then there exists a
measurable set E C (0, 1) of positive measure such that, for almost every s € E, K
is not partially pg-uniformly approximable. Then Proposition 6.6(d) provides that
for a given s € I there exists go(s) > 0 such that there holds inf,ceze (i) (11, 0s) <

inf cezee (1) (15 fs) — €0(s). Consequently, inf, cezo (k) (11, ps) < inf,cezo (x) {1, fs)
for a.e. s € E, and F,.p # Fy,p. By the commutation property (respectively,
assumption (ii) in Proposition 6.6) we have F. AN F, (respectively, Fi;. = Fy)

as € — 0 on YM((0,1); K), while by Proposition 3.3 it follows that F:. 5 AN

F,.p (respectively, F;E;ELFf;E) as ¢ — 0 on YM(E; K). Therefore F,.p =
Fy.p, which, in turn, recovers partial ¢ -uniform approximability of K for a.e.
s € (0,1). O

The model for the consideration in this section are functionals ¢y and f,
considered in Sec. 4. By Theorems 4.5 and 5.4, functional (4.16) provides an example
where o, # fs and 7 = f# for a.e. s € (0,1), whereby ¢, (respectively, fs) is
defined by (4.11) (respectively, (4.14)). If A(s,0,—1) # A(s,0,1), we conjecture
that K is not @g-uniform approximable, but we have not been able to prove it.
However, some conclusions are still available.

Corollary 6.10. Consider ¢, given by (4.11). Then K is partially ps-uniformly
approximable for a.e s € (0,1). Besides, for every v € YM((0,1); K) such that
(vs, ps) < +00 for a.e. s € (0,1), there exists a sequence (€ ), 2 € Sper,0(0, hk(s)),
such that limk_,+oo<ezz,<ps> = (s, ps) and limg_, 4o ¢(€ZZ —vs) =0 for a.e. s €
(0,1) (i.e. Z(K) admits approximation in ps-energy for a.e. s € (0,1)).
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Proof. To apply Theorem 6.9, we note that assumption (i) of Proposition 6.6
holds by Proposition 4.2, while assumptions (ii) and (iv) hold by [1, Theorem 4.3]
and [1, Proposition 5.8]. By [1, p. 778], identity (5.1) holds for arbitrary a which
satisfies (4.2) and (4.3), and therefore assumption (iii) holds as well. Then the first
assertion is an immediate consequence of Theorem 5.4, Theorem 3.12 in [1], and
Theorem 6.9(ii). We prove the second assertion by combining [1, Theorem 5.4 and
Corollary 5.11]. O

Roughly speaking, the analysis in [1] shows that the following principle holds:
f-uniform approximability of K yields approximation in f-energy. If, in addition,
conditions (3) and (4) described on [1, p. 783] are fulfilled, I'-convergence of the
relaxed functionals is basically guaranteed (modulo the “gluing” construction in
[1, pp. 788-789]), which ensures that assumptions of Theorem 6.9 are fulfilled. By
[1, Corollary 6.10 and Lemma 3.8], the set of all piecewise constant Young mea-
sures p € YM((0,1); K) such that ps € EI(K) for ae. s € (0,1) is F4-dense
in YM((0,1); K) (cf. [1, Definition 3.7]), and the proof of I'-convergence of the
sequence (F5) now can be conducted exactly as in [1, Theorem 3.4]. We conclude
that it is not necessary to have g-uniform approximability of K in order to obtain
approximation in ¢-energy (therefore it is a sufficient, but not a necessary condi-
tion for I'-convergence on YM((0,1); K)). In the last corollary we deduce a further
sufficient condition for the commutation property in the general case.

Corollary 6.11. Suppose that ¢s, fs : K — [0,+00] satisfy the assumptions of
Proposition 6.6 and Theorem 6.9 for a.e. s € (0,1), and that for a.e. s € (0,1)
there holds: K is partially ps-uniformly approzimable and p¥ admits an unique
minimizer on Bs(p) := {v € P(K) : ¢(u — v) < 8} for every 6 > 0 and every
1 € I(K) such that ¥ (1) < +oo. Then the sequence (F5.) has the commutation
property.

Proof. We choose s € (0,1) such that the assumptions hold and we consider
f = fs and ¢ = ,. For arbitrary p € Z(K) and o#(u) < +oo, we define
f?’”(y) == f#(v) (respectively, @?’”(V) = ¢ (v)) if v € Bs(u) and ff’“(y) =
+oo (respectively, pZ " (v) := +o00), otherwise. Then f¥* and @ are lower-
semicontinuous on P(K’). By Proposition 6.6(c), we have min,cp;(,) goé#’“(u) =
ming, e g, () f?’“(u). Then there holds <p5#’“ Lgpf’“ and ff’“Lf#’“ as § — 0
on P(K), where f#”‘(u) = f#(v) (respectively, @#’”(V) = " (v)) if v = p and

Fr (1) = +oo (respectively, @i (v) := +00), otherwise. Hence, as § — 0 we
obtain min ¢ *(v) = min f""(v), i.e. f#(u) = ©#(u). Therefore the assertion
follows by Theorem 6.9(i). |
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